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Cn , Abstract. The reciprocal link between the reduced Ostrovsky equation and the A 2 two- 

dimensional Toda system is used to construct the TY-soliton solution of the reduced Ostrovsky 
equation. The TY-soliton solution of the reduced Ostrovsky equation is presented in the form 
of pfaffian through a hodograph (reciprocal) transformation. The bilinear equations and the 



T-function of the reduced Ostrovsky equation are obtained from the period 3-reduction of the 

(2) 

Boo or Coo two-dimensional Toda system, i.e., the A 2 two-dimensional Toda system. One of 

(2) 

T-functions of the A 2 two-dimensional Toda system becomes the square of a pfaffian which 
■H- ' also become a solution of the reduced Ostrovsky equation. There is another bilinear equation 

which is a member of the 3-reduced extended BKP hierarchy. Using this bilinear equation, we 
can also construct the same pfaffian solution. 
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1. Introduction 



In this paper, we study the Af-soliton solutions of the reduced Ostrovsky equation [Q~l |2) 

d x (dt + ud x ) u — 3u = 0, (1.1) 

which is a special case (f$ = 0) of the Ostrovsky equation 

d x (d t + ud x + $dl)u-yu = 0. (1.2) 

The Ostrovsky equation was originally derived as a model for weakly nonlinear surface and 
internal waves in a rotating ocean [Q~l |2]. Later, the same equation was derived from different 
physical situations by several authors [|2]|3]|4). Note that the reduced Ostrovsky equation (|1.U 
is sometimes called the Vakhnenko equation or the Ostrovsky-Hunter equation flU HI [6l El [SI • 
Vakhnenko et al. constructed the N (loop) soliton solution of the reduced Ostrovsky equation 
by using a hodograph (reciprocal) transformation and the Hirota bilinear method fl5]|6). The 
same problem was approached from the point of view of inverse scattering method 0. 
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Differentiating the reduced Ostrovsky equation (11.11 ) with respect to x, we obtain 

Utxx + 3u x u xx + uu xxx -3u x = 0, (1.3) 

which is known as the short wave limit of the Degasperis-Procesi (DP) equation (HEl. This 
equation is derived from the DP equation ifTD 

U T + 3K 3 t/ x - Utxx + WU X = 3U x U X x + UU X xx , (1.4) 

by taking a short wave limit £ — > with U = £ 2 (u + tu\ -\ ), T = £ _1 f, X = ex. Using 

this connection, Matsuno constructed the iV-soliton solution of the short wave model of the 
DP equation, i.e., the reduced Ostrovsky equation, from the Af-soliton solution of the DP 
equation [fT0lfT2l[T3l . This JV-soliton formula is equivalent to the one obtained by Vakhnenko. 
Hone and Wang pointed out that there is a reciprocal link between the reduced Ostrovsky 
equation and the first negative flow in the Sawada-Kotera hierarchy flU. 

In this paper, we show the reciprocal link between the reduced Ostrovsky equation and 

(2) 

the A 2 two-dimensional Toda system and investigate their x-functions. Using this reciprocal 
link, we construct the Af-soliton solution of the reduced Ostrovsky equation in the form of 
pfaffian. The bilinear equations and the x-functions of the reduced Ostrovsky equation are 
systematically obtained from the period 3-reduction of the B^ or C^ two-dimensional Toda 

(2) 

system. One of the x-functions of the A 2 two-dimensional Toda system becomes the square 
of a pfaffian, by which Af-soliton solution of the reduced Ostrovsky equation is expressed. We 
also show that another bilinear equation which is a member of the 3-reduced extended BKP 
hierarchy, or the so-called negative Sawada-Kotera hierarchy, can give rise to the reduced 
Ostrovsky equation by a hodograph transformation. Using this bilinear equation, we can also 
construct the same pfaffian solution. 

2. The reduced Ostrovsky equation, the period 3-reduction of the B^ 2D-Toda system, 
and the 3-reduced extended BKP hierarchy 

2.1. The two-dimensional Toda system ofB^-type and its period 3-reduction 

The two-dimensional Toda (2D-Toda) system of Aoo-type, which is also called the Toda field 
equation or the two-dimensional Toda lattice, is given as follows lfT4l[T5lfT6l[T7l : 

a 2 e„ 



dx{dx-i 



- Y,a n , m e e '", neZ (2.1) 



where the matrix A = (a n , m ) is the transpose of the Cartan matrix for the infinite dimensional 
Lie algebra A^ [18]. 

The A TC 2D-Toda system (12.11) may be written as 

d 2 Q 

= '' = e" 9 "- 1 - 2e~ e " + e" e " +1 . (2.2) 

OX {OX- l 

The A OT 2D-Toda system (12.11 ) is transformed into the bilinear equation 

-jD Xl D x , - 1 J x M -x n = x„_ix„ + i , (2.3) 



(2) 

On the l-functions of the reduced Ostrovsky equation and the A 2 2D-Toda system 3 

through the dependent variable transformation 

0„ = -l n T " +1 ^ 1 . (2.4) 

x 

Here D x is the Hirota D-operator which is defined as 

D n x a(x)-b(x) = (d x -d^) n a(x)b(x')\ x ^ . (2.5) 

Lemma 2.1. [Ueno-Takasaki[19], Babich-Matveev-Sall[20], HirotaHl LNimmo-WilloxftW] 1 
The bilinear equations of the 2D-Toda lattice hierarchy including < \2.3\) have the following 
Gram-type determinant solution: 

x n = detUf 1 ]) , (2.6) 

V > J J\<i,j<M 
where 

^j=c 1 , J + (-irr^^dx l . (2.7) 

J — CO 

Here cjj are constants, (pf 1 - and (pf? satisfy 

-\ (n) -^a. (n) 

fork = ±\,±2,±3,---. 

For example, the linear independent set of functions {cp, , §\ } swc/? ?/za? 

^ = J P^lH-|:^-l+P^2 + 4x_2+pfx3 + -3X_3H h^,:o andr\i = qiX\ + j.X-\ -qjx 2 - 

1 i Pj Pi Hi 

\x-2 +qfx3 + -\x-$ H \-T[iofor i,j= 1,2, ■ • ■ ,M, gives M-soliton solution of the A^ 2D- 

Toda system. 

Proof. See EH. □ 

We impose the B^ -reduction 9„ = 0i_„ (« > 1) to the A^ 2D-Toda system (12.11) . 
i.e., fold the infinite sequence {. . . ,6_2,6_i, 60,61,62, • • •} in the midpoint between 60 and 
61 E21 Q33 US |23. Under this constraint, we have 6 = 9i, 1 = 6 2 , 0-2 = 03, .... 

For n = l, 



For n = 2, 



VI 


= e~ e °-2e- Ql +e~ Bl 


dx[dx-i 




= e - Ql -e~ Ql 




= e -92_ 2e -(ei+ln2)_ 


a 2 2 

dxidx-i 


= e -e 1 _ 2g -e 2+e -e 3 




= 2e -(e 1+ in2)_ 2e -e 2+e -e 3 _ 
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After redefining 0i by 0! +ln2 ->• 0i, we obtain the Boo 2D-Toda system lfl4l[T71l : 

3 2 

a -/ =~ £ a n , m e- e '\ for «6Z>i, (2.9) 

where the matrix A = (a njn ) is the transpose of the Cartan matrix for the infinite dimensional 
Lie algebra Boo HH. 

The B^ 2D-Toda system (12.91) is transformed into the bilinear equations 

~Ac 1 At_ 1 -lW'Ci='CiT2, (2.10) 

- {-D Xl D x _ t -\ JX n -X n = X n -iX n+ i, for n>2, (2.11) 

through the dependent variable transformation 

1 = -ln — , and 0„ = -ln 1 "" 1 " 1 ^ -1 for n > 2. (2.12) 

Lemma 2.2. 77ze bilinear equations of the B^ 2D-Toda system (\2.10\) and (\2.11\) have the 
N-soliton solution which is expressed as 

x n = detU ( f 1 ]) , (2.13) 

\ > J ) \<i,j<2N 

where 

^= CliJ -2(-irr^^r^ dxu (2.14) 

J — oo 

<pW _ p n e ki £. _ pXl + _ x 1 + ^ X3 + x _ 3 + . . . + £. Q 

Pi Pi 

and c,j = — Cj,,-, c^ = 0. 

Proof. Imposing the B^ reduction x n = Xi_ M , i.e., folding the sequence of the x-functions 
{. . .,x_2,t_i,Xo,Xi,X2,X3,. ..} in the midpoint between Xo andxi, we have Xo = X\, x_i = x% 
X_ 2 = X 3 , .... flUdUdlllll. Thus we obtain the bilinear equations (l27TOl) and (I2TTT1) from 
the Aoo 2D-Toda bilinear equation (12.31) . 

To impose the B^ reduction to the Gram-type determinant solution of the Aoo 2D-Toda 
system, we impose the constraint fyy = — 2^-cp^ = — 2cp^ , c/j = — cjj, eg = 0,M — 2N 
and JC2/t = for every interger k. With this constraint, each element of the Gram-type 
determinant has the following property: 

¥ g = cy-2(-l)» f cp^cp^^i = -c J , + 2(-l) 1 - f cp^ 1 )^ 

!/ — oo J — oo 

= -V^ n) - (2-15) 

Then the x-function satisfies x„ = Xi_, 7 . Therefore the JV-soliton solution of the B^, 2D-Toda 
lattice is expressed by the above Gram-type determinant. □ 

Definition 2.3. Let A = (a ; -.;)i<;j<2A' be a 2N x 2N skew -symmetric matrix. The pfaffian of 
A is defined by 

pf (A) = pf (aij)i<ij<w = pf (1 , 2, .-, 2iV) = Y, sgn(7i)fl,- 1 j, a fa ,y 2 ■ ■ • a^,y w , 

h < h < ■ ■ ■ < in 

h < jl,---,lN < JN 
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( 1 2 • • • IN — 1 IN \ 
where ft = . . . . is a permutation of {1, 2,..., 2/V — 1,2/V}. 

\ h Ji ■ ■ • in Jn J 

The pfaffian can be computed recursively by 

22V 

P f(l,2,..,2iV-l,2iV) = £(-iypf(l,0pf(2,3,..,/-l,i + l,..,2iV-l,2iV). 

!=2 

For a skew- symmetric matrix A, we have [pf(A)] 2 = det(A). 

Lemma 2.4. 77ze %-function X\ of the bilinear equations t\2.10\l and t\2.11\) is written in the 
form of pfaffian 

Xl =x 2 , x = pf(l,2,...,2iV-l,2JV), (2.16) 

where pf (i, j) = c t j + S^ ea D Xi (pj 0) ■ (p)°W (pf } = p? A & = p^-i +/W +Pt x 3 + tj*-3 + 

J Pi 

Proof. SeeEBIH. D 



Lemma 2.5. The bilinear equations 
2 



-D X1 D X _,-1 )xi-xi=xix 2 , (2.17) 



^D XlJ D x _ 1 -ljx 2 -x 2 = x 2 , (2.18) 

/zave ?/?e N-soliton solution which is expressed as 

x n = detUf 1 ]) , (2.19) 

V - J / l<i,j<2N 
where 

1$ = CiJ + -^- (-^) ^ &*> , & = PiXl + ix_! + ^ , 

J A + P; V P;V Pi 

and cij = 8j : 2N+l-m , c t = -cw+l-t , pf - PiP2N+i-i + Pw+i-i = ° • 
Proof. Imposing a period 3-reduction x„ = x„ + 3 to the sequence of the x-functions 
{...,x 3 ,X2,Xi,Xi,X2,x 3 ,...}, it becomes {.. .,Xi,x 2 ,Xi,Xi,x 2 ,Xi,.. .} B22l [HI HH [231 . Thus 
we obtain two bilinear equations (12.171 ) and (I2.18I ). 

(2) 

In Lie algebraic terms, this corresponds to the reduction to the affine Lie algebra A 2 



from the infinite dimensional Lie algebra B„ ll22l[T9l [1811231 . 

To impose a period 3-reduction to the /V-soliton solution, we add a constraint p\ + 

PlN+l-i = ° (Pi ¥= -P2N+l-i) for i = 1,2,- • • ,N and Cij = 8y )2 AM-l-jQ> c t = -c 2 N+\-i- To 
show x„+3 = X n , we manipulate x„ as follows: 



x M = det^ +1 _iCi + -^_(-g) 

= e 2 ^^det^ +1 _ ! c,(-^) 

= e 2 ^ 5. det f 8i 2^i-,Ci f-^tizi'l ""' c -6-U + i-, + _i^ 

V v Pi j Pi+pjj 1 



l<i,j<2N 

ii- ! 



,-« 4- Jel 



Pi+Pi , 

3 ' l<i,j<2N 



<i,j<2N 
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3 



Since f — P2N+l ' ) = 1, the relation x„+3 = % n is satisfied. D 

Letting / = Xi and g = %i, we obtain the bilinear equations 



-D Xl D x _ 1 -\)f-f = fg, (2.20) 



-D Xl D x _ 1 -\)g-g = f l . (2.21) 



Corollary 2.6. The x-function f — %\ of the bilinear equations A2.20\) and t\2.21\) is written in 
the form ofpfaffian 

/ = Xl =x 2 , x = pf(l,2,...,2AT-l,2JV), (2.22) 

where 

pf (/, j) = Cij + J e * + ^J , \i = ptxi + —x- 1 + 4/o , 

Pi + Pj Pi 

and cij = hj^N+l-iCi, c/ = -C2JV+l-i , pf - PiPW+l-i + Pw+l-i = °- 

Proof. Using Lemma l2.4l and 12.51 we obtain the above formula. D 

Let k t = pi + P2N+i-i- From p] - Pip 2 N+\-i + Pw+i-i = °> we obtain Pi = <K 3 ^' + 
i\/3^), pm+l-i = l(3kt-iV3ki), pip 2 N+l-i = f and X + p J +x _. = f • Thus 

3 

Si + S2JV+1-* = &/*l + T*-l + £i0 + S2AH-1-K) • 

kt 
In the pfaffian solution, all phase functions can be expressed by the summation of Z,i+£,2N+l-i- 
So the phase functions can be expressed by the parameters {k;} (i = 1,2, •••,N). Each 
coefficient of exponential functions can be normalized to 1 after absorption into phase 
constants or can be rewritten by the parameters {£,}. Thus it is possible to rewrite the above 
x-function by using the parameters {ki} instead of {pi}. 

Examples: 

For AT = 1, 

T = pf (1 , 2) = d + Pl ~ Pl e^ 2 ■ (2.23) 

P1+P2 

Letting c\ = 1 and e Yl = Pl 7 P2 , the x-function can be rewritten as 

x = pf(l,2) = l+^ 1+ ^ 2+Tl , (2.24) 

where 

3 
Si + q2 = *i*i + — *_i+5io + q20. 

ForAf = 2, 

x = pf(l,2,3,4)=pf(l,2)pf(3,4)-pf(l,3)pf(2,4)+pf(l,4)pf(2,3) 

= Pl-P2 ^, + ^ P3-P4 ^ + ^ 4 _ Pl-P3 ^,+^ P2-P4 ^ 7 , + ^ 
P1+P2 P3+P4 P1+P3 P2+P4 
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V P\+PA J V 



P2+P3 



— c\C2 + C2 e^ 1 S4 +c\ e h2 hi 

PI+P4 P2+P3 

f Pl-P2P3~P4 _ PI-P3P2-P4 P\-PAP2~P3 \ fr+fc+fc+k 
\P\+P2P3+P4 PI+P3P2+P4 PI+P4P2+P3/ 

Letting ci = c? = 1 and e Yl = £i__£i and e Y2 = P2 ~ P3 , the above x-f unction becomes 

& l L Pl+Pi P2+P3 

X = 1 _|_ e ^l+^4+Yl _[_g&+!3+Tfc_|_£ 12 g5l+§2+53+54+Yl+'ft 

where 

, Pl-P2P3~P4Pl+P4P2+P3 Pl-P3P2~P4Pl+P4P2+P3 . . 

bn = hi 

Pi + P2 P3 + P4 Pi ~ P4 P2 ~ P3 PI+P3P2+P4PI-P4P2-P3 

_ (ki-k 2 ) 2 (kj-kik 2 + kl) 

~ (kl+k2) 2 {kj + hk2 + kl) , 

3 3 

^1+^4 = ^1^1 + ^-^-1+^10+^40, ^2+^3 =k 2 Xi + — X-1+ £,20+^,30 ■ 
k\ /C2 

The Af-soliton solution is written in the following form: 
1=1 i<j 



x= y, ex p 

Ai=0,l 



(2.25) 



(k-k^ikf-kkj+kj) 3 

^• = (fe+ib J -m+^+^) J ' ^=^+^ + i- ; =^i+ r -i+^, 

where V means the summation over all possible combinations of /j ; = or 1 for i = 
/j=0,l 

(iV) 
1,2, • • • , iV, and V means the summation over all possible combinations of N elements under 

i<j 

the condition i < j. This is consistent with the results in [|51|6]|. 

Lemma 2.7. The x-function f of A2.20\l and A2.21\) gives the solution of the reduced Ostrovsky 
equation through the dependent variable transformation 

u = ~(inf) xm = -2(lnx) XlXl , 

and the hodograph (reciprocal) transformation 

x = x-i+fl 1 00 u(x' 1 ,x-i)dxf 1 
= x. 1 -(\nf) Xl , (2.26) 

t = X\ . 



Proof. The bilinear equation (|2.20l) is rewritten as 



Let 



/ 



7" 1 



P 



8 1 - O/W-! 



» = -(ln/) 



X\X\ 



(2.27) 



(2.28) 
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Then (12.271 ) becomes 

"*- = Gl, ■ (129) 

This is rewritten as 

(lnp) Xl = -pu x _, . (2.30) 

The bilinear equations (|2.20l) and (12.211 ) are written as 

- (In f) XlX _ l + 1 = i (2.31) 

r 

-(ln^^^ + ^p 2 . (2.32) 



Subtracting (12.321) from (|2.31l ). we obtain 

1 
P 



-(lnp) XlX _ 1= l-p 2 , (2.33) 



which leads to 

p^l+pQnp)^,. (2.34) 

Using (12.301) . it becomes 

p 3 = l-p{pu x _ l ) x _ 1 . (2.35) 

Let us consider the hodograph (reciprocal) transformation 

x = X-\ + f* 1 ao u(x' v X-i)dx! 1 

= x_ 1 -(ln/), 1 , (2.36) 

t = X\. 



This yield 



and 



3^ = -( m /)x!Xi , 



^X_! = jj3* , 



(2.37) 



(2.38) 



9^i =dt + ud x . 
Applying the hodograph (reciprocal) transformation to (12.301 ) and (12.351) , we obtain 

(d t + ud x )\np = -u x , 
p 3 = 1 - u xx . 

This is equivalent to 

(d t + ud x ) ln( 1 - u xx ) = -3u x , (2.40) 

which can be written as 

(d t + ud x )(\-u xx ) = -3u x (\-u xx ). (2.41) 

This is nothing but the short wave limit of the DP equation which is equivalent to the reduced 
Ostrovsky equation. □ 
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Remark 2.8. Setting p = ± in (12.331) . we obtain 

( m ^ lXl =^--L. (2.42) 

This is the Tzitzeica equation which is one of prime integrable systems that appears in 
classical differential geometry II251 l26l l23l l24l . This equation is sometimes called the 
Dodd-Bullough-Mikhailov equation since this was found independently by Dodd-Bullough 
and Mikhailov 11271 [151 [151. 

Theorem 2.9. The N-soliton solution of the reduced Ostrovsky equation is given by the 
following formula: 

u = -(lnf) X[Xl = -2(lnx) XlXl , 

f = x 2 , x = pf(l,2,..,2JV-l,2JV), (2.43) 

where 

pf (i, j) = Cjj + ' J e^J , £i = pixi + —x- 1 + ^o , 

Pi+Pj Pi 

andcij = 8j^N+l-iCi, c t = -c 2 N+i-i, pf - PiP2N+l-i + Pw+l-i = > 

x—x-i + f^} aa u{x! Xl X-\)dx' x 

= x_!-(ln/) Xl , (2.44) 

t —x\ . 

Proof. From Corollary I2.6l and Lemma 12771 we obtain this theorem. D 

Corollary 2.10. The N-soliton solution of the reduced Ostrovsky equation is given by the 
following formula: 

u = -2(lnx) XlXl , 



T= Y, ex P 

1.1=0,1 



' N (N) 

i=\ i<j 



(2.45) 



b »= iki+ kjnkf-k ikj+ ki) for ?<J ' *=**+ **-*+*«» 

x =^-i +/^ i TC w(y 1 ,x-i)(ijc / 1 

= x_i-(ln/) Xl , (2.46) 

//ere V means the summation over all possible combinations of fX\ = or 1 /or i = 

£'=0,1 

(JV) 

1,2, • • • ,N, and Y tneans the summation over all possible combinations ofN elements under 
the condition i < j. 
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Note that the form of the /V-soliton solution in Corollary 12. 101 is equivalent to the one 
obtained by Morrison, Parkes and Vakhnenko in [0. 

Remark 2.11. It is well known that the 3-reduced B-Toda system is exactly the same as the 3- 
reduced C-Toda system. Thus the above x-function can be obtained by the period 3-reduction 
of Coo 2D-Toda system. For more details, see Appendix. 



2.2. The reduced Ostrovsky equation and the 3-reduced extended BKP hierarchy 

Consider a member of the extended BKP hierarchy (the BKP hierarchy with negative time 
variables) fl2TJ M M M M ED El 

[(D X3 -Dl 1 )D x _ l + 3D 2 Xl ]x-x = 0, (2.47) 

which is the bilinear equation of a nonlinear partial differential equation 

w x _ lX3 -w XlXxXlX _ x -3(w Xl w x _ 1 ) Xl +3w XlXl =0, (2.48) 

through the dependent variable transformation w = 2(lnx) Xl f[2TTl . 

The TV-soliton solution of (12.471) is expressed in the form of pfaffian. 

Lemma 2.12. [Date-Jimbo-Kashiwara-Miwa K2Ml . Hirota R21\ 1371 1321/ / The bilinear equation 
A2.47\l has the pfaffian solution 

x = pf(l,2,..,2/V-l,2iV), 

where pf(/,j) = Cij + f^D^h^x) -hj(x)dxi, c/j = -c jti , c iti = 0, x= (. . . ,X-3,X-i,xi,x 3 ,x 5 . . 
and hi(x) satisfies the linear differential equation 



Here we define 



hi(x) = P h{(x)dxi , (2.50) 



dx-i 
for n = — 1. Particularly, we could choose 

hi(x) = exp( P r l x-i +piXi+p 3 iX 3 + ^) . (2.51) 

Alternatively, the /V-soliton solution of (12.471) can be expressed as 

' N 
Y,mi+ £ B ijm ij , (2.52) 

_i=\ l<i<j<N 

where Luj=o,i denotes the summation over all possible combinations of pi = 0,1 for i = 
1,2,-", N, and Y,i<i<j<N 1S me sum over a ^ P a ^ rs hi (* < J) cn o sen &o m {1>2, •••,2iV}. 
Here exp(r),) is defined as 

exp(Ti/)=exp(^- + |i), 



x= £ exp 
w=o,i 
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where ^ = pj l x_\ +Pi*\ + P 3 *3 +£fj and g = qJ l X-\ +qtX\ + q 3 xs +|9, and 5,-j is given 
by 



(J (pi+Pj)(pi+qj)(qi+Pj)(qi+qj) 



Proof. SeeEQ. □ 

Lemma 2.13. 77?e bilinear equation 

(D x _ l D 3 Xi -3D 2 Xi )x-x = 0, (2.53) 

/las ?/ie the following N-soliton solution: 
x = pf(l,2,..,2iV-l,2iV), 

pf (i, j) = cy + P^le^J , & = p,*i + pr ! *_ 1 + ^0 , 

Pi + Pj 

and c t j = 5j,2N+i-iCi , c t = -c 2 n+i-j , P 2 - PiP2N+l-i + Pw+i-i = °- 
Proof. Since all phase functions are expressed by the summation of ^, + §w+i-i> x$ is 
eliminated from the x-function by imposing constraints: p 2 — PiP2N+i-i + PiN+i-i = ® f° r 
i — 1,2,---,N and c/j = Sy^+i-jCj, c; = — C2JV+1-; to the Af-soliton solution of the BKP 
x-function in Lemma 12121 G2 |M 123 EQl • Thus 3 X3 x = is satisfied. D 

Lemma 2.14. The reduced Ostrovsky equation di.il) is transformed into the bilinear equation 

(D x _ 1 D 3 Xi -3D 2 Xi )t-t = 1 (2.54) 

through the dependent transformation 

u = - Wxi = -2(lnx) XlXl , (2.55) 

and the hodograph (reciprocal) transformation A2.36\l . 
Proof. Applying (12.381) to the reduced Ostrovsky equation (ll.lft , we obtain 

pu XlX _ l =3u, (2.56) 

which yields 

3 
u XlX -i = ~u. (2.57) 

r 

Let us introduce w such that u = —w Xl = — (ln/) XlXl . From (12.311 ), we obtain 

- = l-w*_!. (2-58) 

P 

Using this relation, (|2.571 ) can be rewritten as 

w XxXlX _ x + 3w x _ : w Xl - 3w Xl = . (2.59) 

This equation is transformed into a bilinear equation 

(D x _ 1 D 3 Xl -3D 1 Xl )x-x = 0, (2.60) 
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through the dependent transformation 

w = 2(lnx) JCl . (2.61) 

Note that the hodograph (reciprocal) transformation (12.361) can be expressed as 



* = *-i-2(lnT) Xl , 
t = x\ . 



(2.62) 
D 



From Lemma l2.13l and l2.14[ we can also prove Theorem 12.91 

Remark 2.15. Vakhnenko and Parkes found the hodograph (reciprocal) transformation (12.621 ) 
and the bilinear equation (12.601 ). It is noted that we can switch X-\ and x\, i.e., the alternative 
hodograph (reciprocal) transformation x = x\ — (ln/) x _, = x\ — 2(lnx) x _ 1 , t = X-\ can be used 
instead of the above hodograph (reciprocal) transformation. 

Remark 2.16. Morrison, Parkes and Vakhnenko pointed out that the bilinear equation (12.601 ) 
is a special case of the Ito equation J6l 133). Hone and Wang pointed out that the reduced 
Ostrovsky equation is linked into the first negative flow of the Sawada-Kotera hierarchy. The 
bilinear equation (12.601 ) is nothing but the bilinear equation of the first negative flow of the 
Sawada-Kotera hierarchy which can be obtained from the BKP hierarchy with the 3-reduction, 
i.e., this is related to the A 2 affine Lie algebra [|22]. 

Remark 2.17. The relationship between the Tzitzeica equation and the 3-reduced BKP 
hierarchy was pointed out by Lambert et al. [l3~4l . 



3. Conclusions 

In this paper, we have shown the reciprocal link between the reduced Ostrovsky equation 

(2) 
and the A 2 ' 2D-Toda system. Using this reciprocal link, we have constructed the A'-soliton 

solution of the reduced Ostrovsky equation in the form of pfaffian. The bilinear equations 

and the x-function of the reduced Ostrovsky equation have been obtained from the period 

(2) 

3-reduction of the B^ or C^ 2D-Toda system. One of the x-functions of the A 2 2D-Toda 
system has been shown to be the square of a pfaffian, by which the Af-soliton solution of 
the reduced Ostrovsky equation is represented. We have shown that the bilinear equation for 
a member of the 3-reduced extended BKP hierarchy (the first negative flow of the Sawada- 
Kotera hierarchy) can also give rise to the the reduced Ostrovsky equation, thus, the same 
pfaffian solution. 

It should be noted that a similar approach in this paper was used to the short wave model 
of the Camassa-Holm equation in our previous paper [|35l . We proposed an integrable semi- 
discrete and an integrable fully discrete analogues of the short wave model of the Camassa- 
Holm equation based on bilinear equations and a determinant solution. Thus we can construct 
integrable discrete analogues of the reduced Ostrovsky equation (or the short wave model of 
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the DP equation) by using the result in this paper. We also would like to comment on the N- 
soliton solution of the DP equation can be obtained by the reduction of the 2D-Toda system 
developed in this paper. Our approach gives the Af-soliton solution of the DP equation in a 
much simpler way compared to Matsuno's method [fT2l[T3~l . We will report the detail in our 
forthcoming paper. 

Appendix: The period 3-reduction of the Co 2D-Toda system 

In this appendix, we show that the x-function obtained in the section 2 can be obtained from 
the period 3-reduction of the C 2D-Toda system. 

We impose the Coo -reduction 0„ = _„ (n > 0) to the A x 2D-Toda system, i.e., fold the 
infinite sequence {...,0 2,0 l, 9o,0i,02, ■••} in Go ES [JS \M IH . Then we obtain the Coo 
2D-Toda system lfl4l[T71l: 

d 0„ ^ e 



Y, a n+\,m+\e '", neZ> , (3.1) 



dx\dx-\ , 

where the matrix A = (a n . m ) is the transpose of the Cartan matrix for the infinite dimensional 
Lie algebra Coo lfT8l . 

The Coo 2D-Toda system (13.11) is transformed into the bilinear equations 

^D Xl D x _ x -l\xQ-%Q = x 2 i) (3.2) 



-D Xl D x _j - 1 ) x n ■ x n = T„-iT„+i , for n > 1 , (3.3) 



2 
through the dependent variable transformation 

2 

o = -ln^i, and 6 n = -ln ^"" 1 " 1 ^" 1 forn>l. (3.4) 

X X n 

Lemma 3.1. The bilinear equations di.2D and A3.3\) have the N-soliton solution which is 
expressed as 



where 



T B = det(vh ) ) , (3.5) 

\ > J ) l<i,j<2N 

^ = c, ] + {-iyn^^ n) dx u (3.6) 

J — CO 

1 3 1 

— X-\+p?X3 + ^7 

Pi Pi 



(p ; W = p"e^ , & = piX\ + —x- 1 + pjx 3 + —x-3 + •■•+£*) 



and cij = Cjj. 

Proof. Imposing the Coo reduction % n = x_ n , i.e., folding the sequence of the x-functions 
{. . . ,x_2,x_i,Xo,Xi,x 2 , • • •} in To, we have x_i = Xi, x_ 2 = T 2 , x_ 3 = x 3 , .... imdHmiH. 
Thus we obtain the bilinear equations (T3.21 ) and (|3.3I) from the 2D-Toda bilinear equation (|2.3I) . 
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To impose the C^ reduction to the Gram-type determinant solution of the Ax, 2D-Toda 
system, we impose the constraint (jr- = <pf , C(j = Cjj, M = 2N and xjk = for every interger 
k. With this constraint, each element of the Gram-type determinant has the following property: 

¥ w = c U + (-i)» r tfwr*** = cu + (-i)"" f ^"^f^i 

J — CO J — oo 

- ^ n) ■ (3-7) 

Then the x-function satisfies x n = x_ n . Therefore the Af-soliton solution of the Cx, 2D-Toda 
system is expressed by the above Gram-type determinant. D 

Lemma 3.2. The bilinear equations 

-(^D Xl D x _ 1 -l)x -x = x 2 , (3.8) 



- ( -D Xl D x x - 1 ) xi ■ xi = xix , (3.9) 



1 
2 
have the N-soliton solution which is expressed as 

% n = tetUfj) , (3.10) 

where 

Vtj = *J + (-!)" r 9t H) 9 { F a) **i > 9® = Pi^ ■ & = W + -*-! + &> , 

and qj = 8j t 2N+l-iO>i, Pi ~ PiP2N+l-i + Pw+l-i = °- 

Proof. Imposing a period 3-reduction x n = x„ +3 to the sequence of the x-functions 
{...,x 3 ,X2,Xi,Xo,Xi,x 2 ,X3,...}, it becomes {.. .,x ,Xi,Xi,x ,Xi,Xi,x ,...}. Thus we obtain 
two bilinear equations (13.81 ) and (T3.9I) . 

(2) 

In Lie algebraic terms, this corresponds to the reduction to the affine Lie algebra A 2 ' 
from the infinite dimensional Lie algebra Coo. 

To impose a period 3-reduction to the Af-soliton solution, we add a constraint p\ + 
PiN+i-i = °» (Pi ^ -P2N+1-0 for i = 1,2,- --,iV and cy = S^Ar+i-iOCj. To show x„ +3 = x M , 
we manipulate x n as follows: 



l<i,j<2N 



x M = det( 8 ^ +1 _,a, + -I-(-g) M ^ 

= e 2 ^det (^..a,- (-^) V^ + -^ 

= e 2 ^ 5. det (% 2Ar+i-i a, f _^±IzA " e -6-W- + _J_") 

V V Pi J Pi + PJ/KU 



l<i,j<2N 



<i,j<2N 

3 



Since (- „+' ) = L T„ +3 = x ;7 is satisfied. □ 

Lemma 3.3. 77ze x-function Xi of the bilinear equations A3.8\) and ( 13.91) is written in the form 
ofpfaffian 

Tl = 02^ T ^ T = pf(l,2,...,2iV-l,2iV), (3.11) 

^ !L=iW 
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wherepf(ij) = Qj + fppf^ 4 "^. & = pJ l X-\ +PiXi + ^f, cy = Sy^+l-iQ, c,- = -c^+i-/, 

Proof. Let a, = a2jv+i-i- For n—\, 

*i =det(Vj 1 / ) ) =detf5 J -. 2 y V+ i- ; a ; !_^+sA 

V ^/l<y<2N V P'+PjPj Jl<i,j<2N 

1 det^S^^a^-^^^ 



t2N „ UWL ^ 

,2 



2^Iffi 1 « ' V ^ '* W+W ,,_,,_,,, 



' det 28 wl _,a^-^« 

U=lW V Pl Pl+P J /l<i,j<2N 



\ det ( c . , + Pi -Pi e %i+%i- e %i+%i\ 

ll^Pk V J Pi+Pj ~ A<U<2iV 



2 2^v n . 

where cy =28 ywi _,a^. Then we note 

OS ™ PlN+l-i os _, P ; 

Cy = £Oj.2N+l-i &i = —20^2N+l-j &2N+l-i = _ C/,i . 

Pi P2N+l-i 

P 2 
Introducing c,- = 2a,- 2A ^'~' , we can write as c; / = 8/ 2N+l-iCi an d c* = — C2N+l-i- 

Pi ,J J ' 

Since the 2/V x 2/V matrix ( c,- ,- + ElJLL^i+^j \ j s skew-symmetric, we obtain 

V hJ PH-W Jl<i,j<2N J 

tl = 5n& [pf(1 ' 2 -" 2W " li2A ' ))2 ' 

where pf(z, j) = cy + Pl Pj e* + ^J . Here we used the formula lETl 

det(atj—y{yj)i<ij<2N = det(ay)i<y<2Ar = [pf(l,2, ...,2/V)] 2 , 
where ay = -ay,,-, a ? y = 0, pf (*', j) = ay. D 

Letting f — %\ and g = To, we obtain the bilinear equations (12.201 ) and (12.211 ) from the 



bilinear equations (13.91 ) and (13.81) . As is shown in IU81 . the period 3 -reduction of CU 2D-Toda 
system gives the same result as the period 3-reduction of B^ 2D-Toda after the relabelling 
indexes. 
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